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Abstract
An infinite number of spin chains are solved and it is derived that the
ground-state phase transitions belong to the universality classes with central
charge c = m/2, where m is an integer. The models are diagonalized by au-
tomatically obtained transformations, many of which are different from the
Jordan-Wigner transformation. The free energies, correlation functions, string
order parameters, exponents, central charges, and the phase diagram are ob-
tained. Most of the examples consist of the stabilizers of the cluster state.
A unified structure of the one-dimensional XY and cluster-type spin chains is
revealed, and other series of solvable models can be obtained through this for-
mula.
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§ 1 Introduction
Lattice spin models are one of the most basic subjects in statistical physics,
mathematical physics, and condensed matter physics. Equivalences or com-
mon structures often appear between one-dimensional operators and one- and
two-dimensional lattice models. Onsager solved [1] the rectangular Ising model,
Kaufman and Onsager found [2] the exact form of the spontaneous magnetiza-
tion, with the help of a one-dimensional operator [3] , that commutes with the
transfer matrix. Nambu also solved [4] the rectangular Ising model in 1950; a
key structure of his derivation was a one-dimensional operator. Both operators
are a kind of the XY chain.
In the 2000s, the cluster state was introduced, and investigated as a re-
source state for measurement-based quantum computation (MBQC) [5][6][7].
The cluster model is a spin model in which the ground state is a cluster state.
In one-dimension, the cluster model was already solved by Suzuki [8] in 1971,
and the one-dimensional cluster model (and its generalizations) have been in-
vestigated by many authors [9]-[22]. It is known that the free energies of the
one-dimensional Kitaev model and the one-dimensional cluster model are iden-
tical to that of the transverse Ising chain (see for example [23] and [11][13]).
Recently, a simple formula was introduced [24], in which solvable Hamiltoni-
ans and transformations to derive the free energy can be obtained through the
commutation relations. The formula is summarized as follows: Let us consider
a series of operators {ηj} (j = 1, 2, . . . ,M). The operators ηj and ηk are called
’adjacent’ when (j, k) = (j, j + 1) (1 ≤ j ≤M − 1), or (j, k) = (M, 1). Let the
operators ηj satisfy the commutation relations
ηjηk =


1 j = k.
−ηkηj ηj and ηk are adjacent
ηkηj otherwise.
(1)
Then the Hamiltonian
−βH =
M∑
j=1
Kjηj (2)
is mapped to the free fermion system by the transformation
ϕj =
1√
2
ei
pi
2
(j−1)η0η1η2 · · · ηj (0 ≤ j ≤M − 1), (3)
where η0 is an initial operator satisfying η
2
0 = −1, η0η1 = −η1η0, and η0ηk =
ηkη0 (2 ≤ k ≤ M − 1), which is introduced for convenience. We find that
2
(−2i)ϕjϕj+1 = ηj+1, and for all j, k that
{ϕj , ϕk} = ϕjϕk + ϕkϕj = δjk. (4)
Hence the Hamiltonian (2) is written as a sum of two-body products of the
Majorana fermion operators ϕj , and thus can be diagonalized.
The transformation (3) is automatically generated from {ηj}, and only the
commutation relation (1) is needed to obtain the free energy. This procedure
is, therefore, quite general. The operators η
(1)
2j−1 = σ
z
j and η
(1)
2j = σ
x
j σ
x
j+1 for
j ≥ 1, and M = 2N , σxN+1 = σx1 , η(1)0 = iσx1 , satisfy the conditions, and in
this case (2) is the Hamiltonian of the one-dimensional transverse Ising model.
The operators η
(2)
2j−1 = σ
x
2j−1σ
x
2j and η
(2)
2j = σ
y
2jσ
y
2j+1 for j ≥ 1, and M = N ,
σyN+1 = σ
y
1 , η
(2)
0 = iσ
y
1 , also satisfy the conditions, and in this case (2) is the
Hamiltonian of the one-dimensional Kitaev model. The known fact that the
free energies of these two models are identical is naturally explained from this
formula.
Hereafter, ϕ
(k)
j and H(k) denote ϕj and H generated from {η(k)j }, respec-
tively, where {η(k)j } is a series of operators satisfying (1). It should be stressed
that in the cases of {η(1)j } and {η(2)j }, the transformation (3) is intrinsically
the Jordan-Wigner transformation. However, when we introduce η
(3)
2j−1 =
σx2j−1σ
z
2jσ
x
2j+1 and η
(3)
2j = σ
x
2j12j+1σ
x
2j+2 (j ≥ 1), where 1j is the unit oper-
ator, we obtain a solvable model generated from this series of operators, and
together with an initial operator η
(3)
0 = iσ
x
1σ
x
2 , we find that the transformation
(3) that diagonalize (2) is
ϕ
(3)
2j =
1√
2
(
j∏
ν=1
12ν−1σ
z
2ν)σ
x
2j+1σ
x
2j+2,
ϕ
(3)
2j+1 =
1√
2
(
j∏
ν=1
12ν−1σ
z
2ν)12j+1σ
y
2j+2σ
x
2j+3 (j = 0, 1, 2, 3, . . .). (5)
When we introduce η
(4)
2j−1 = σ
x
4j−3σ
z
4j−2σ
x
4j−1 and η
(4)
2j = σ
z
4j−114jσ
z
4j+1 (j ≥ 1),
we obtain another solvable model, and together with an initial operator η
(4)
0 =
3
(−i)σz1 , we find that the transformation (3) that diagonalize (2) is
ϕ
(4)
2j =
(−1)j−1√
2
(
j∏
ν=1
σy4ν−3σ
z
4ν−2σ
y
4ν−114ν)σ
z
4j+1,
ϕ
(4)
2j+1 =
(−1)j√
2
(
j∏
ν=1
σy4ν−3σ
z
4ν−2σ
y
4ν−114ν)σ
y
4j+1σ
z
4j+2σ
x
4j+3
(j = 0, 1, 2, 3, . . .). (6)
Transformations (5) and (6) are different from the Jordan-Wigner transfor-
mation. These transformations are automatically generated from the series of
operators.
The one-dimensional XY model, the two-dimensional Ising model, and other
unsolved composite models can be diagonalized through this formula[24]. The
Jordan-Wigner transformation is a special case of (3). In this paper, the diago-
nalization method in [24] is applied to the XY and cluster type interactions, and
an infinite number of solvable spin chains are obtained. Specifically, extreme
generalizations of the XY chain are investigated, their correlation functions
and critical exponents are obtained, and it is derived that these models show
a universal phase diagram and common critical behavior with central charge
c = m/2. The arguments written in terms of ηj and ϕj are valid for all of them,
and therefore an unified structure of an infinite number of spin chains is found
through this formula.
§ 2 Model and the free energy
Let N be the number of sites, and N/2 and M/4 be positive integers. Let us
introduce the notation ϕ2j−2 = ϕ1(j) and ϕ2j−1 = ϕ2(j). In the case of {η(1)j },
we find (+2i)ϕ
(1)
2 (j)ϕ
(1)
1 (j) = σ
z
j , (−2i)ϕ(1)2 (j)ϕ(1)1 (j+1) = σxj σxj+1. Let us then
generally consider the Hamiltonian which is composed by two-body products
4
of ϕτ (j) as
−βH =
∑
l
Kl
M/2∑
j=1
(−2i)ϕ2(j)ϕ1(j + l)
+
∑
l>0
K
(1)
l
M/2∑
j=1
(+2i)ϕ1(j)ϕ1(j + l)
+
∑
l>0
K
(2)
l
M/2∑
j=1
(−2i)ϕ2(j)ϕ2(j + l). (7)
Each term in (7) is written as a product of ηj, for example,
(−2i)ϕ2(j)ϕ1(j + 1) = η2j ,
(+2i)ϕ2(j)ϕ1(j) = η2j−1, (8)
and generally
(−2i)ϕ2(j)ϕ1(j + l) = (−1)l−1η2jη2j+1 · · · η2j+2l−2,
(−2i)ϕ2(j)ϕ1(j − l) = (−1)l−1η2j−2l−1η2j−2l · · · η2j−1. (9)
In the case of the operators {η(1)j }, we find for example
(−2i)ϕ(1)2 (j)ϕ(1)1 (j + 3) = σxj σzj+1σzj+2σxj+3
(+2i)ϕ
(1)
2 (j)ϕ
(1)
1 (j + 2) = σ
x
j σ
z
j+1σ
x
j+2
(−2i)ϕ(1)2 (j)ϕ(1)1 (j + 1) = σxj σxj+1
(+2i)ϕ
(1)
2 (j)ϕ
(1)
1 (j) = σ
z
j
(−2i)ϕ(1)2 (j)ϕ(1)1 (j − 1) = σyj−1σyj
(+2i)ϕ
(1)
2 (j)ϕ
(1)
1 (j − 2) = σyj−2σzj−1σyj
(−2i)ϕ(1)2 (j)ϕ(1)1 (j − 3) = σyj−3σzj−2σzj−1σyj (10)
Thus the transverse Ising model, the XY model, and the cluster models are gen-
erated from {η(1)j }. The interactions (10) are those introduced and diagonalized
in [8]. Each series of operators {η(k)j } that satisfy (1) thus provides an infinite
number of solvable Hamiltonians; other series of new solvable interactions can
be generated from other {η(k)j }.
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There appear, however, an additional factor at the boundary, for example,
(−2i)ϕ2(M/2)ϕ1(1) = (iMη1 · · · ηM )ηM . (11)
It is straightforward to convince that the cyclic boundary condition for ηj yields
the definition that
ϕτ (M/2 + l) =
{
+ϕτ (l) i
Mη1 · · · ηM = +1
−ϕτ (l) iMη1 · · · ηM = −1, (12)
where τ = 1, 2 and iMη1 · · · ηM is hermitian and its eigenvalues are ±1.
Let us introduce Fourier transformations of ϕτ (j) as
ϕτ (j) =
1√
M/2
∑
0<q<pi
(eiqjCτ (q) + e
−iqjC†τ (q)), (13)
where
{C†r (p), Cs(q)} = δpqδrs, {Cr(p), Cs(q)} = 0. (14)
According to (12), q =
ρ
M/2
π, where ρ =even and ρ =odd for iMη1 · · · ηM is
+1 and −1, respectively. The Hamiltonian (7) is expressed as
−βH =
∑
0<q<pi
(+2i)[L(q)C1(q)C
†
2(q) + L(q)
†C†1(q)C2(q)],
+
∑
0<q<pi
(+2i)L1(q)(C
†
1(q)C1(q)−
1
2
)
+
∑
0<q<pi
(−2i)L2(q)(C†2(q)C2(q)−
1
2
), (15)
where
L(q) =
∑
l
Kle
iql,
Lτ (q) =
∑
l>0
K
(τ)
l (e
iql − e−iql) (τ = 1, 2), (16)
and L(q)† is the complex conjugate of L(q). We have used the relation
∑
0<q<pi cos ql =
0. Hamiltonian (15) is written as a sum of contributions from each q, which
6
commute with each other, and which can be expressed as a block-diagonal
matrix with respect to the bases |0〉, C†1(q)|0〉, C†2(q)|0〉, C†2(q)C†1(q)|0〉, as
∑
0<q<pi


−iL1(q) + iL2(q) 0 0 0
0 iL1(q) + iL2(q) 2iL(q)
† 0
0 −2iL(q) −iL1(q)− iL2(q) 0
0 0 0 iL1(q)− iL2(q)


q.
(17)
Note that L1(q) and L2(q) are pure imaginary when K
(1)
l and K
(2)
l are real.
Diagonalization of (17) corresponds to the Bogoliubov transformation. The
spin space is a 2N -dimensional Hilbert space, and here we find M/4 different q
in 0 < q < π, and therefore 4M/4 eigenvalues. Then we find gN = 2
N/4M/4 =
2N−M/2 -fold degeneracy for each state. The partition function is obtained from
the eigenvalues as
Z = gN
∏
0<q<pi
(eλ(q) + e−λ(q) + eΛ(q) + e−Λ(q)), (18)
where
λ(q) = iL1(q)− iL2(q),
Λ(q) = [4LL† + (iL1(q) + iL2(q))
2]1/2. (19)
Let us, for example, consider {η(1)j }, where M = 2N . Let K0 = −h, K1 =
K, and the other coefficients be zero in (7), then we obtain
−βf = lim
N→∞
logZ
N
=
1
π
∫ pi
0
log(e
1
2
Λ(q) + e−
1
2
Λ(q)) dq,
Λ(q) = 2
√
K2 + h2 − 2hK cos q, (20)
which is the free energy of the transverse Ising chain. When Kκ = −h, Kκ+m =
K (m 6= 0), and the other coefficients are all zero, it is easy to show that the
free energy is identical to (20). (Generally if L1(q) = L2(q) = 0, the free energy
is invariant under L(q) 7→ eiκqL(q).) The Hamiltonian of the transverse Ising
chain, and the one-dimensional cluster models investigated in [11] and [13], are
generated from {η(1)j }, with (κ,m) = (0, 1), (0, 2) and (−1, 3), respectively. The
coincidences of their free energies are explained from this invariance.
We already noticed from (10) that the XY model is generated from {η(1)j }.
Let us, however, consider {η(2)j } and introduce the shifted operators η¯(2)2j−1 =
σy2j−1σ
y
2j and η¯
(2)
2j = σ
x
2jσ
x
2j+1. Then H(2) + H¯(2) involves the interactions
7
Kx(+2i)ϕ
(2)
2 (j)ϕ
(2)
1 (j) + Ky(+2i)ϕ¯
(2)
2 (j)ϕ¯
(2)
1 (j) = Kxσ
x
2j−1σ
x
2j + Kyσ
y
2j−1σ
y
2j ,
and thus complete XY interactions are realized from two Kitaev chains. The
XY model, therefore, is also generated from {η(2)j } and {η¯(2)j }. Operators η(2)j
and η¯
(2)
k commute for all j, k, and hence H(2) + H¯(2) can be diagonalized with
our formula.
Let us here consider Table 1 and Table 2. In the case of (k, n, l) = (3, 1, 1)
in Table 2, for example, we find the operators η
(3,1,1)
2j−1 = σ
x
2j−1σ
z
2jσ
x
2j+1 and
η
(3,1,1)
2j = σ
x
2j12j+1σ
x
2j+2. In this case, we can also introduce the shifted op-
erators η¯
(3,1,1)
2j−1 = σ
x
2jσ
z
2j+1σ
x
2j+2 and η¯
(3,1,1)
2j = σ
x
2j+112j+2σ
x
2j+3. Operators
η
(3,1,1)
j and η¯
(3,1,1)
k commute for all j, k, and two series of operators {η(3,1,1)j }
and {η¯(3,1,1)j } generate the complete Hamiltonian (k, n, l) = (3, 1, 1) in Table
1. Several series of shifted operators are generally needed to construct total
Hamiltonian.
Examples of other solvable Hamiltonians are listed in Table 1. Some exam-
ples of {η(k,n,l)j }, and other interactions that can be found in (7), are listed in
Table 2. The operators η
(1,0,1)
j , η
(2,1,0)
j , η
(3,1,1)
j , and η
(4,1,−)
j are those written
as η
(1)
j , η
(2)
j , η
(3)
j , and η
(4)
j , respectively, in Introduction. The initial operators
η
(k,n,l)
0 and the transformations ϕ
(k,n,l)
j that diagonalize (7) are also given in
Table 2. The models except the cases (k, n, l) = (1, 0, 1) and (2, 1, 0) cannot be
solved by the Jordan-Wigner transformation.
§ 3 Ground state correlation functions
Operators (−2i)ϕ2(j)ϕ1(j+κ) in the Hamiltonian (7) commute with each other
and form stabilizers[25][26], i.e.
(−2i)ϕ2(j)ϕ1(j + κ)|Φ〉 = ǫj |Φ〉, (21)
where ǫj = +1 or −1, and a set of values {ǫj} specify a subspace of the Hilbert
space. Specifically, we find (−2i)ϕ(1)2 (j)ϕ(1)1 (j+2) = σxj σzj+1σxj+2, and the state
|Φ〉 that satisfy σxj σzj+1σxj+2|Φ〉 = |Φ〉 for all j is the cluster state. (Operators
{(+2i)ϕ(3)2 (j)ϕ(3)1 (j)} together with the shifted operators {(+2i)ϕ¯(3)2 (j)ϕ¯(3)1 (j)}
also form stabilizers of the cluster state.)
The string order parameters are obtained from products of {(−2i)ϕ2(j)ϕ1(j+
8
κ)}:
Iκ(n) = 〈
i+n−1∏
j=i
(−2i)ϕ2(j)ϕ1(j + κ)〉0, (22)
where 〈 〉0 is the ground-state expectation value. Non-vanishing value of Iκ(n)
indicates the presence of the order stabilized by these operators. In the case of
{η(1)j }, for example,
I
(1)
1 (n) = 〈
i+n−1∏
j=i
σxj σ
x
j+1〉0 = 〈σxi σxi+n〉0,
I
(1)
2 (n) = 〈
i+n−1∏
j=i
σxj σ
z
j+1σ
x
j+2〉0
= (−1)n−2〈σxi σyi+1(σzi+2 · · · σzi+n−1)σyi+nσxi+n+1〉0. (23)
In the case of {η(2)j },
I
(2)
1 (n) = 〈
i+n−1∏
j=i
σy2jσ
y
2j+1〉0 = 〈σy2iσy2i+1 · · · σy2i+2n−1〉0,
I
(2)
2 (n) = 〈
i+n−1∏
j=i
(−1)σy2jσz2j+1σz2j+2σy2j+3〉0
= (−1)n〈σy2iσz2i+1(σx2i+2 · · · σx2i+2n−1)σz2i+2nσy2i+2n+1〉0. (24)
Here I
(k)
κ (n) is a correlation function of the model generated from {η(k)j }. Note
that I
(k)
κ (n) is independent of k, because there remains no difference when they
are written by ηj. Stabilizers and the corresponding string order parameters
are listed in Table 3.
Let us consider the case L1(q) = L2(q) = 0. The Hamiltonian (15) is
diagonalized by the canonical transformation
ξ1(q) = (iLC1(q)−
√
LL†C2(q))/
√
2LL†,
ξ2(q) = (iLC1(q) +
√
LL†C2(q))/
√
2LL†, (25)
as
−βH = 2
√
LL†
∑
0<q<pi
(ξ1(q)
†ξ1(q)− ξ2(q)†ξ2(q)). (26)
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The ground state is realized when ξ1(q)
†ξ1(q) = 1, ξ2(q)
†ξ2(q) = 0 for all q, and
in this case 〈ξ1(q)†ξ1(q)〉0 = 1, 〈ξ1(q)†ξ2(q)〉0 = 〈ξ1(q)ξ2(q)†〉0 = 〈ξ2(q)†ξ2(q)〉0 =
0. The ground state correlation function is obtained as
1
M/2
〈
M/2∑
j=1
(−2i)ϕ2(j)ϕ1(j + κ)〉0
= (+2i)
1
M/2
∑
0<q<pi
(eiqκ〈C1(q)C2(q)†〉0 + e−iqκ〈C1(q)†C2(q)〉0)
=
1
M/2
∑
0<q<pi
(eiqκ
√
LL†
L
+ e−iqκ
√
LL†
L†
)(〈ξ1(q)†ξ1(q)〉0 − 〈ξ2(q)†ξ2(q)〉0)
=
1
M/2
∑
0<q<pi
L†eiqκ + Le−iqκ√
LL†
(27)
In the limit M →∞,
〈(−2i)ϕ2(j)ϕ1(j + κ)〉0 = 1
2π
∫ pi
0
L†eiqκ + Le−iqκ√
LL†
dq. (28)
One can also derive that
〈(−2i)ϕ1(j)ϕ1(j + κ)〉0 = 〈(−2i)ϕ2(j)ϕ2(j + κ)〉0 = 0 (κ 6= 0) (29)
at the ground state.
Because of the expression of ϕτ (j) given in (13)-(14), and the fact (29), and
with the use of the Wick’s theorem, the string order parameter (22) is expressed
as
∑
P
(sgn P )
i+n−1∏
j=i
〈(−2i)ϕ2(j)ϕ1(P (j + κ))〉0, (30)
where P are the permutations of the indices. The sum (30) is the determinant
of the matrix Gn, where (Gn)µν = 〈(−2i)ϕ2(j + µ− 1)ϕ1(j + κ+ ν − 1)〉0.
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§ 4 Ground state phase transitions
Let us here consider the Hamiltonian
−βH = Kκ
M/2∑
j=1
ϕ2(j)ϕ1(j + κ) (31)
+ Kκ−m
M/2∑
j=1
ϕ2(j)ϕ1(j + κ−m) +Kκ+m
M/2∑
j=1
ϕ2(j)ϕ1(j + κ+m),
where m is a positive integer. This Hamiltonian (31) is a generalization of the
XY chain, and includes many important models. Let (k, n, l) = (1, 0, 1) in Table
2. Then the case κ = 0 and m = 1 is the XY chain with an external field. The
case κ = 1 and m = 1 includes the cluster model with the Ising interaction. Let
(k, n, l) = (2, 1, 0), then the case κ = 0 andm = 1 is the one-dimensional Kitaev
model with an additional interaction. Let (k, n, l) = (3, 1, 1), then the case κ =
0 and m = 1 includes the cluster model with next-nearest neighbor interaction.
The cases (k, n, l) = (1, 0, 1), (3, 1, 1), (3, 1, 2), (3, 1, 3), (4, 1,−), and (11,−,−)
include the stabilizers of the cluster state, and various generalizations of the
one-dimensional cluster model are obtained in the framework of (31).
In the case of (31), we find
L(q) = Kκ−me
iq(κ−m) +Kκe
iqκ +Kκ+me
iq(κ+m). (32)
Let Kκ = −K 6= 0, Kκ+m = K(1 + γ1)/2, Kκ−m = K(1− γ2)/2, and consider
the asymptotic form of Iκ(n). Let (Gn)µν =
Kκ
|Kκ| (Mn)µν . The matrix Mn
is a Toeplitz determinant, i.e. the (µ, ν) element depends only on ν − µ =
τ , (Mn)µν = (Mn)τ , and thus the Szego˝’s theorem can be applied. Let us
introduce f(p) by the relation
(Mn)τ =
1
2π
∫ pi
−pi
e−ipτf(p) dp. (33)
Then the Szego˝’s theorem says that the asymptotic form of detMn is
lim
n→∞
detMn
λn
= exp(
∞∑
n=1
ngng−n), (34)
where
gn =
1
2π
∫ pi
−pi
e−ipn ln f(p) dp, (35)
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and λ = exp g0. We obtain, from (28) and (33), that
f(p) =
L(p)√
L(p)L†(p)
e−ipκ
/ Kκ
|Kκ| (36)
=
1 + α1e
ipm + α2e
−ipm
[(1 + α1e−ipm + α2eipm)(1 + α1eipm + α2e−ipm)]1/2
,
where α1 = Kκ+m/Kκ and α2 = Kκ−m/Kκ. With the use of the formula
1 + α1e
ipm + α2e
−ipm = A(1 + a1e
ipm)(1 + a2e
−ipm), (37)
where a1 = α1t, a2 = α2t, t = 2/(1+
√
1− 4α1α2), the factor A is independent
of p, and the formula
1
2π
∫ pi
−pi
e−ipn ln(1 + a eipm) dp =
1
2πi
∫
C
∞∑
l=1
(−1)l−1al
l z1+n−ml
dz
=
{
(−1)l−1al/l n = ml, l ≥ 1
0 otherwise,
(38)
where |a| < 1, z = eip, and C is the unit circle, we obtain, for |a1| < 1 and
|a2| < 1, that
gn =
{
(−a2)l/2l − (−a1)l/2l n = ml > 0
0 n 6= ml > 0, (39)
g−n = −gn (n 6= 0), and g0 = 0. Thus we obtain
Iκ(n) ≃ ( Kκ|Kκ| )
n[(1− a21)(1− a22)(1 − a1a2)−2]m/4. (40)
If |a1| > 1 or |a2| > 1, it is easy to show that
∑
n ngng−n → −∞ and Iκ(n)→ 0.
Similarly, we can derive the asymptotic form of Iκ±m(n), and the results are
summarized in Figure 1.
Specifically in the case of {η(1)j }, κ = 1, m = 1, and K2 = 0 yield the
transverse Ising chain, and from (23),
〈σxi 〉20 = limn→∞ |〈σ
x
i σ
x
i+n〉0| ≃ (1− (K0/K1)2)1/4. (41)
We thus obtain β = 1/8, which is also the critical exponent of the spontaneous
magnetization of the rectangular Ising model.
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§ 5 Central charge
Let us consider the central charge of the transition on the critical line γ2 =
γ1 6= 0. Let M = τN and write γ1 = γ. From the dispersion relation
Λ(q) = 2
√
LL† ≃ 2|γK|m2
τ
| l
N
π| ( l
N
π = p ≃ 0) (42)
the conformal invariant normalization of the Hamiltonian is obtained [28] from
the condition
4|γK|m/τ = 1. (43)
The central charge can be obtained [29] [30] (see also [31]) from the finite size
effect of the ground-state energy:
E0 = −
∑
0<q<2pi
2|γK|| sin mq
2
|[1− γ
2 − 1
γ2
sin2
mq
2
]1/2. (44)
With the use of (43), and the relations such as
M/2∑
k=1
| sin mq
2
| = m Im
M/2m∑
k=1
e
i
(2k−1)pi
M/m =
m
sin mpiM
, (45)
where q = (2k−1)piM/2 , the term proportional to 1/N in (44) is obtained as
−2|γK|m 1
6
mπ
τN
= − mπ
12N
. (46)
This term should be equal to −cπ/6N , which results in the central charge
c = m/2. Similarly on the critical line γ2 = −γ1 < 0, we obtain c = 2m/2. The
XY chain [31] and the cluster models investigated in [13] and [21] are obtained
from {η(1)j }, and correspond to the cases with m = 1, m = 3, and general m,
respectively.
One can convince that the operators in (31) are classified into m number
of subsets {ϕ2(ρ +ml)ϕ1(ρ +ml), ϕ2(ρ +ml)ϕ1(ρ +ml ±m), l = 1, 2, 3, . . .},
where ρ = 1, 2, . . . ,m. The operators with different ρ commute with each other,
and thus the system is decoupled into m number of XY chains, though all the
{ϕ2(j)ϕ1(j)}, for example, are needed to form complete stablizers of its ground
state.
It is known that the models with the interactions (10), which are generated
from {η(1)j }, can be regarded as coupled transverse Ising chains[21]. The uni-
versality classes of these cases are found in [21] (see also [32][33]). The fact that
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the local Hamiltonians in (31) are classified into m number of sub-series corre-
sponds to this structure. The derivation in [21] relies on the explicit expression
of {η(1)j } by the Pauli operators, and valid for the series generated from {η(1)j }.
Here it is derived the same decouplings are found in the models generated from
other {η(k)j }, and correspondingly we obtain the central charge c = m/2.
§ 6 Conclusion
In this paper, we considered and applied a general framework by which series
of solvable spin models can be obtained. We construct models which consist of
stabilizers, and thus have corresponding ground states, for example the clus-
ter state. The free energies, correlation functions, string order parameters,
exponents, central charges, and the phase diagram are derived exactly. This
formula clarifies a systematic structure of one-dimensional generalized cluster-
type models, which are also extreme generalizations of the XY chain. We show,
in Table 1, examples of solvable Hamiltonians, and we show, in Table 2, ex-
amples of operators which satisfy (1), each of which generates infinite series of
solvable spin chains, and many of which involve stabilizers of the cluster state.
It is easy to find series of operators that satisfy (1), and thus one can obtain an
infinite number of solvable Hamiltonians, with ground-state phase transitions
with central charge c = m/2.
It is known that the one-dimensional cluster state is a state in which the
localizable entanglement length [34][35] is infinite [12], and hence considered to
be a candidate for quantum computational wire [36]. In Table 2, the operators
σxj σ
z
j+1σ
x
j+2 are stabilizers of the cluster state. These models may serve as
candidates for quantum devices [37].
This formula basically relies only on the commutation relations, and hence
{ηj} do not need to be spin operators, is applicable to any space dimensions,
and H does not need to be an operator related to equilibrium problems. The
transformation (3) is a stepping stone to go beyond the Jordan-Wigner trans-
formation.
The author would like to thank Prof. M. Suzuki for his valuable comment.
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Table 1: Examples of solvable Hamiltonians −βH(k, n, l) obtained as a linear com-
bination of ηj and their shifted operators. Generalizations following (7) of these
Hamiltonians can be found in Table 2.
(k, n, l) −βH(k, n, l)
(1, n, l) K1
N∑
j=1
( n∏
ν=1
σxj+ν−1
)( l∏
ν=1
σzj+n+ν−1
)( n∏
ν=1
σxj+n+l+ν−1
)
+K2
N∑
j=1
σxj σ
x
j+1
(2, n, l) K1
N∑
j=1
( n∏
ν=1
σxj+ν−1
)( l∏
ν=1
σzj+n+ν−1
)( n∏
ν=1
σxj+n+l+ν−1
)
+K2
N∑
j=1
σyj σ
y
j+1
(3, n, l) K1
N∑
j=1
( n∏
ν=1
σxj+ν−1
)
σzj+n
( n∏
ν=1
σxj+n+ν
)
+K2
N∑
j=1
σxj
( l∏
ν=1
1j+ν
)
σxj+l+1
(4, n,−) K1
N∑
j=1
σxj
( n∏
ν=1
σzj+ν
)
σxj+n+1 +K2
N∑
j=1
σzj
( n∏
ν=1
1j+ν
)
σzj+n+1
(5, n,−) K1
N∑
j=1
( n∏
ν=1
σzj+ν−1
)
+K2
N∑
j=1
σxj σ
x
j+1
(6, n,−) K1
N∑
j=1
σxj
( n∏
ν=1
1j+ν
)
σxj+n+1 +K2
N∑
j=1
σzj
(7, n, l) K1
N∑
j=1
σxj
( n∏
ν=1
σzj+ν
)
σxj+n+1 +K2
N∑
j=1
σxj
( l∏
ν=1
σzj+ν
)
σxj+l+1
(8, n, l) K1
N∑
j=1
σxj
( n∏
ν=1
σzj+ν
)
σxj+n+1 +K2
N∑
j=1
σyj
( l∏
ν=1
σzj+ν
)
σyj+l+1
(9, n,−) K1
N∑
j=1
σxj σ
x
j+1σ
x
j+2
( n∏
ν=1
σzj+2+ν
)
σxj+n+3σ
x
j+n+4σ
x
j+n+5 +K2
N∑
j=1
σxj
( n+2∏
ν=1
σzj+ν
)
σxj+n+3
(10, n,−) K1
N∑
j=1
σxj σ
x
j+1
( n∏
ν=1
σzj+1+ν
)
σxj+n+2σ
x
j+n+3 +K2
N∑
j=1
( n+2∏
ν=1
σzj+ν−1
)
(11,−,−) K1
N∑
j=1
σxj σ
x
j+1σ
z
j+2σ
x
j+3σ
x
j+4 +K2
N∑
j=1
σxj σ
z
j+1σ
x
j+2
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Table 2: Each (k, n, l) provides a solvable Hamiltonian, where six interactions in
(7) are explicitly written. One can find the operators {η(k,n,l)j } in the second and
third row of the first column, i.e. η
(k,n,l)
2j−1 = +2iϕ
(k,n,l)
2 (j)ϕ
(k,n,l)
1 (j) and η
(k,n,l)
2j =
−2iϕ(k,n,l)2 (j)ϕ(k,n,l)1 (j + 1), from which a solvable series of interactions are gener-
ated. The initial operator η
(k,n,l)
0 and the transformation ϕ
(k,n,l)
j that diagonalize the
Hamiltonian are given in the last row. The first case (k, n, l) = (1, 0, 1) includes the
transverse Ising model, the XY model, and the cluster model, as special cases. The
second case (k, n, l) = (2, 1, 0) includes the one-dimensional Kitaev model. The op-
erators σxj σ
z
j+1σ
x
j+2 are the stabilizers of the cluster state. Models except the cases
(1, 0, 1) and (2, 1, 0) cannot be solved by the Jordan-Wigner transformation.
(k, n, l)
−2iϕ(k,n,l)2 (j)ϕ(k,n,l)1 (j − 1)
+2iϕ
(k,n,l)
2 (j)ϕ
(k)
1 (j) = η
(k,n,l)
2j−1 −2iϕ(k,n,l)1 (j)ϕ(k,n,l)1 (j + 1)
−2iϕ(k,n,l)2 (j)ϕ(k,n,l)1 (j + 1) = η(k,n,l)2j −2iϕ(k,n,l)2 (j)ϕ(k,n,l)2 (j + 1)
+2iϕ
(k,n,l)
2 (j)ϕ
(k,n,l)
1 (j + 2)
η
(k,n,l)
0 ϕ
(k,n,l)
2j and ϕ
(k,n,l)
2j+1 (j = 0, 1, 2, 3, . . .)
(1, 0, 1)
σyj−1σ
y
j
σzj σ
y
j σ
x
j+1
σxj σ
x
j+1 σ
x
j σ
y
j+1
σxj σ
z
j+1σ
x
j+2
iσx1 ϕ
(1,0,1)
2j =
1√
2
(
j∏
ν=1
σzν)σ
x
j+1 ϕ
(1,0,1)
2j+1 =
1√
2
(
j∏
ν=1
σzν)σ
y
j+1
(2, 1, 0)
σx2j−3σ
z
2j−2σ
z
2j−1σ
x
2j
σx2j−1σ
x
2j σ
x
2j−1σ
z
2jσ
y
2j+1
σy2jσ
y
2j+1 σ
y
2jσ
z
2j+1σ
x
2j+2
σy2jσ
z
2j+1σ
z
2j+2σ
y
2j+3
iσy1 ϕ
(2,1,0)
2j =
(−1)j√
2
(
2j∏
ν=1
σzν)σ
y
2j+1 ϕ
(2,1,0)
2j+1 =
(−1)j√
2
(
2j+1∏
ν=1
σzν)σ
x
2j+2
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(3, 1, 1)
σx2j−3σ
y
2j−212j−1σ
y
2jσ
x
2j+1
σx2j−1σ
z
2jσ
x
2j+1 σ
x
2j−1σ
y
2jσ
x
2j+1σ
x
2j+2
σx2j12j+1σ
x
2j+2 σ
x
2jσ
x
2j+1σ
y
2j+2σ
x
2j+3
σx2jσ
x
2j+1σ
z
2j+2σ
x
2j+3σ
x
2j+4
iσx1σ
x
2 ϕ
(3,1,1)
2j =
1√
2
(
j∏
ν=1
12ν−1σ
z
2ν)σ
x
2j+1σ
x
2j+2
ϕ
(3,1,1)
2j+1 =
1√
2
(
j∏
ν=1
12ν−1σ
z
2ν)12j+1σ
y
2j+2σ
x
2j+3
(3, 1, 2)
σx3j−5σ
y
3j−4σ
x
3j−3σ
x
3j−2σ
y
3j−1σ
x
3j
σx3j−2σ
z
3j−1σ
x
3j σ
x
3j−2σ
y
3j−1σ
x
3j13j+1σ
x
3j+2
σx3j−113j13j+1σ
x
3j+2 σ
x
3j−113jσ
x
3j+1σ
y
3j+2σ
x
3j+3
σx3j−113jσ
x
3j+1σ
z
3j+2σ
x
3j+313j+4σ
x
3j+5
i11σ
x
213 ϕ
(3,1,2)
2j =
1√
2
(
j∏
ν=1
σx3ν−2σ
z
3ν−1σ
x
3ν)13j+1σ
x
3j+2
ϕ
(3,1,2)
2j+1 =
1√
2
(
j∏
ν=1
σx3ν−2σ
z
3ν−1σ
x
3ν)σ
x
3j+1σ
y
3j+2σ
x
3j+3
(3, 1, 3)
σx4j−7σ
y
4j−6σ
x
4j−514j−4σ
x
4j−3σ
y
4j−2σ
x
4j−1
σx4j−3σ
z
4j−2σ
x
4j−1 σ
x
4j−3σ
y
4j−2σ
x
4j−114j14j+1σ
x
4j+2
σx4j−214j−114j14j+1σ
x
4j+2 σ
x
4j−214j−114jσ
x
4j+1σ
y
4j+2σ
x
4j+3
σx4j−214j−114jσ
x
4j+1σ
z
4j+2σ
x
4j+314j+414j+5σ
x
4j+6
i11σ
x
2 ϕ
(3,1,3)
2j =
1√
2
(
j∏
ν=1
σx4ν−3σ
z
4ν−2σ
x
4ν−114ν)14j+1σ
x
4j+2
ϕ
(3,1,3)
2j+1 =
1√
2
(
j∏
ν=1
σx4ν−3σ
z
4ν−2σ
x
4ν−114ν)σ
x
4j+1σ
y
4j+2σ
x
4j+3
(4, 1,−)
σx4j−7σ
z
4j−6σ
y
4j−514j−4σ
y
4j−3σ
z
4j−2σ
x
4j−1
σx4j−3σ
z
4j−2σ
x
4j−1 σ
x
4j−3σ
z
4j−2σ
y
4j−114jσ
z
4j+1
σz4j−114jσ
z
4j+1 σ
z
4j−114jσ
y
4j+1σ
z
4j+2σ
x
4j+3
σz4j−114jσ
y
4j+1σ
z
4j+2σ
y
4j+314j+4σ
z
4j+5
−iσz1 ϕ(4,1,−)2j =
(−1)j−1√
2
(
j∏
ν=1
σy4ν−3σ
z
4ν−2σ
y
4ν−114ν)σ
z
4j+1
ϕ
(4,1,−)
2j+1 =
(−1)j√
2
(
j∏
ν=1
σy4ν−3σ
z
4ν−2σ
y
4ν−114ν)σ
y
4j+1σ
z
4j+2σ
x
4j+3
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(4, 2,−)
σx6j−11σ
z
6j−10σ
z
6j−9σ
y
6j−816j−716j−6σ
y
6j−5σ
z
6j−4σ
z
6j−3σ
x
6j−2
σx6j−5σ
z
6j−4σ
z
6j−3σ
x
6j−2 σ
x
6j−5σ
z
6j−4σ
z
6j−3σ
y
6j−216j−116jσ
z
6j+1
σz6j−2 16j−116jσ
z
6j+1 σ
z
6j−216j−116jσ
y
6j+1σ
z
6j+2σ
z
6j+3σ
x
6j+4
σz6j−216j−1j16jσ
y
6j+1σ
z
6j+2σ
z
6j+3σ
y
6j+416j+516j+6σ
z
6j+7
−iσz1 ϕ(4,2,−)2j =
(−1)j−1√
2
(
j∏
ν=1
σy6ν−5σ
z
6ν−4σ
z
6ν−3σ
y
6ν−216ν−116ν)σ
z
6j+1
ϕ
(4,2,−)
2j+1 =
(−1)j√
2
(
j∏
ν=1
σy6ν−5σ
z
6ν−4σ
z
6ν−3σ
y
6ν−216ν−116ν)σ
y
6j+1σ
z
6j+2σ
z
6j+3σ
x
6j+4
(5, 3,−)
σz3j−5σ
z
3j−4σ
y
3j−3σ
y
3j−2σ
z
3j−1σ
z
3j
σz3j−2σ
z
3j−1σ
z
3j σ
z
3j−2σ
z
3j−1σ
y
3jσ
x
3j+1
σx3jσ
x
3j+1 σ
x
3jσ
y
3j+1σ
z
3j+2σ
z
3j+3
σx3jσ
y
3j+1σ
z
3j+2σ
y
3j+3σ
x
3j+4
iσx1 ϕ
(5,3,−)
2j =
(−1)j√
2
(
j∏
ν=1
σy3ν−2σ
z
3ν−1σ
y
3ν)σ
x
3j+1
ϕ
(5,3,−)
2j+1 =
(−1)j√
2
(
j∏
ν=1
σy3ν−2σ
z
3ν−1σ
y
3ν)σ
y
3j+1σ
z
3j+2σ
z
3j+3
(1, 2, 1)
σxj−11jσ
z
j+1σ
z
j+21j+3σ
x
j+4
σxj σ
x
j+1σ
z
j+2σ
x
j+3σ
x
j+4 σ
x
j σ
x
j+1σ
y
j+21j+3σ
x
j+4
σxj+2σ
x
j+3 σ
x
j+21j+3σ
y
j+4σ
x
j+5σ
x
j+6
σxj+21j+3σ
z
j+41j+5σ
x
j+6
iσy1σ
z
2σ
x
3σ
x
4 ϕ
(1,2,1)
2j =
1√
2
(
j∏
ν=1
σzν)σ
y
j+1σ
z
j+2σ
x
j+3σ
x
j+4
ϕ
(1,2,1)
2j+1 =
1√
2
(
j∏
ν=1
σzν)σ
z
j+1σ
y
j+2σ
y
j+31j+4σ
x
j+5
(2, 2, 1)
σx5j−9σ
x
5j−8σ
z
5j−7σ
x
5j−6σ
z
5j−5σ
z
5j−4σ
x
5j−3σ
z
5j−2σ
x
5j−1σ
x
5j
σx5j−4σ
x
5j−3σ
z
5j−2σ
x
5j−1σ
x
5j σ
x
5j−4σ
x
5j−3σ
z
5j−2σ
x
5j−1σ
z
5jσ
y
5j+1
σy5jσ
y
5j+1 σ
y
5jσ
z
5j+1σ
x
5j+2σ
z
5j+3σ
x
5j+4σ
x
5j+5
σy5jσ
z
5j+1σ
x
5j+2σ
z
5j+3σ
x
5j+4σ
z
5j+5σ
y
5j+6
iσy1 ϕ
(2,2,1)
2j =
(−1)j√
2
(
j∏
ν=1
σz5ν−4σ
x
5ν−3σ
z
5ν−2σ
x
5ν−1σ
z
5ν)σ
y
5j+1
ϕ
(2,2,1)
2j+1 =
(−1)j√
2
(
j∏
ν=1
σz5ν−4σ
x
5ν−3σ
z
5ν−2σ
x
5ν−1σ
z
5ν)σ
z
5j+1σ
x
5j+2σ
z
5j+3σ
x
5j+4σ
x
5j+5
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(4, 2, 2)
σx3j−5σ
x
3j−4σ
y
3j−313j−213j−1σ
y
3jσ
x
3j+1σ
x
3j+2
σx3j−2σ
x
3j−1σ
z
3jσ
x
3j+1σ
x
3j+2 σ
x
3j−2σ
x
3j−1σ
y
3jσ
x
3j+1σ
x
3j+2σ
x
3j+3
σx3j13j+113j+2σ
x
3j+3 σ
x
3jσ
x
3j+1σ
x
3j+2σ
y
3j+3σ
x
3j+4σ
x
3j+5
σx3jσ
x
3j+1σ
x
3j+2σ
z
3j+3σ
x
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Figure 1: Phase diagram of the model (31). The exponent in (40) equals m/4 on the
critical line γ2 = γ1 6= 0 and γ2 = γ1 + 4 6= 2, and equals 2m/4 on the critical line
γ2 = −γ1 (γ1 < −2, 0 < γ1). Iκ(n) is discontinuous at the points (0, 0) and (−2, 2),
in the limit n→∞. .
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Table 3: Stabilizers and the corresponding string order parameters.
stabilizers string order parameters (with finite n)
σzj 〈
j+n∏
ν=j
σzν〉
σxj σ
x
j+1 〈
j+n∏
ν=j
σxνσ
x
ν+1〉 = 〈σxj (
j+n∏
ν=j+1
1ν)σ
x
j+n+1〉
σzjσ
z
j+1σ
z
j+2 〈
j+n∏
ν=j
σzνσ
z
ν+1σ
z
ν+2〉 = 〈σzj 1j+1(
j+n+1∏
ν=j+2
σzν)1j+n+2σ
z
j+n+3〉
σy2jσ
y
2j+1 〈
j+n∏
ν=j
σy2νσ
y
2ν+1〉 = 〈
2j+2n+1∏
ν=2j
σyν 〉
σxj σ
z
j+1σ
x
j+2 〈
j+n∏
ν=j
σxνσ
z
ν+1σ
x
ν+2〉 = 〈σxj σyj+1(
j+n∏
ν=j+2
σzν)σ
y
j+n+1σ
x
j+n+2〉
σxj σ
z
j+1σ
z
j+2σ
x
j+3 〈
j+n∏
ν=j
σxνσ
z
ν+1σ
z
ν+2σ
x
ν+3〉 = 〈σxj σyj+1σxj+2(
j+n∏
ν=j+3
1ν)σ
x
j+n+1σ
y
j+n+2σ
x
j+n+3〉
σxj σ
x
j+1σ
z
j+2σ
x
j+3σ
x
j+4 〈
j+n∏
ν=j
σxνσ
z
ν+1σ
x
ν+2〉 = 〈σxj 1j+1σzj+2σyj+3(
j+n∏
ν=j+4
σzν)σ
y
j+n+1σ
z
j+n+21j+n+3σ
x
j+n+4〉
σxj 1j+1σ
x
j+2 〈
j+n∏
ν=j
σxν1ν+1σ
x
ν+2〉 = 〈σxj σxj+1(
j+n∏
ν=j+2
1ν)σ
x
j+n+1σ
x
j+n+2〉
σxj 1j+11j+2σ
x
j+3 〈
j+n∏
ν=j
σxν1ν+11ν+2σ
x
ν+3〉 = 〈σxj σxj+1σxj+2(
j+n∏
ν=j+3
1ν)σ
x
j+n+1σ
x
j+n+2σ
x
j+n+3〉
σxj 1j+11j+21j+3σ
x
j+4 〈
j+n∏
ν=j
σxν1ν+11ν+21ν+3σ
x
ν+4〉 = 〈σxj σxj+1σxj+2σxj+3(
j+n∏
ν=j+4
1ν)σ
x
j+n+1σ
x
j+n+2σ
x
j+n+3σ
x
j+n+4〉
σzj 1j+1σ
z
j+2 〈
j+n∏
ν=j
σzν1ν+1σ
z
ν+2〉 = 〈σzj σzj+1(
j+n∏
ν=j+2
1ν)σ
z
j+n+1σ
z
j+n+2〉
σzj 1j+11j+2σ
z
j+3 〈
j+n∏
ν=j
σzν1ν+11ν+2σ
z
ν+3〉 = 〈σzj σzj+1σzj+2(
j+n∏
ν=j+3
1ν)σ
z
j+n+1σ
z
j+n+2σ
z
j+n+3〉
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